When looking through a lens of finite aperture, pairs of images associated with caustics, and caustics themselves, are blurred geometrically as well as by diffraction. If the lens aperture is modelled by a Gaussian apodization function, the images in the lens focal plane are Husimi functions of the wave in the plane of the lens, which can be evaluated exactly in terms of Airy and Pearcey functions of complex arguments. Diffraction distorts the spectrum of the source being looked at, even if the geometrical optics is achromatic (as in gravitational lensing); the distortion associated with the images seen as a caustic crosses the lens can be described by the wavelength-dependence of the total light collected by the lens.
Introduction
To look means to direct one's gaze in a particular direction, with the eye, or the lens of a telescope, in a particular position. Precise specification of direction and position is incompatible with the wave nature of light, so looking is an emergent notion, becoming precise only in the limit of zero wavelength. According to the standard theory of resolving power [1] , the balance between the accuracy of position and direction is determined by the aperture of the lens-controlling, for example, the smallest discernible angular separation between distant objects.
Subtleties arise when images of the same point source coalesce as a caustic crosses the observing lens, or when the 'object' being looked at is itself a caustic. Examples are coalescing reflections of the sun seen in wavy water [2] [3] [4] , and coalescing images of an astronomical distant source gravitationally lensed by intervening matter [5] . In these situations, imprecise resolution arises not only from diffraction but even at the geometrical level. These are the matters I address here.
It turns out that in the simplest generic cases the image intensity can be expressed in terms of standard diffraction catastrophe functions [6, 7] , in which the variables are complex rather than real, and depend only on dimensionless combinations of the lens aperture, the wavenumber of the light, direction angles corresponding to positions in the image plane, and lengths associated with the caustic geometry. Section 2 sets out the basic theory, in which the incompatible direction and position are regarded as constituting a (slightly unconventional) phase space, and the image intensity emerges as a variant of the Husimi function [8] . Section 3 considers a wave-decorated fold caustic arriving at the lens, corresponding to the coalescence and annihilation of a pair of images of a distant source. As explained in section 4, diffraction generates characteristic distortions of the spectrum of the light, modifying the achromatic images of geometrical optics; these distortions could be a way to observe wave effects in gravitational lensing. If the caustic is in the far field, it can be seen directly in the focal plane of the lens, blurred by the finite lens size as described in section 5 for fold caustics and section 6 for cusp caustics. A numerical illustration is given in section 7.
It is not difficult to extend the theory to describe the smooth transition between the two cases-caustic located in the plane of the lens, and caustic at infinity. But the formulae are simpler and more comprehensible in the limiting cases, so the following will be restricted to these.
It is not my intention here to provide realistic modelling, but to illustrate the phenomena in the simplest manner using closed-form expressions. To achieve this, the lens will be modelled by a Gaussian apodization function, rather than a uniformly transmitting disc with a sharp cutoff at the edge.
The work described here can be regarded as a contribution to aberration theory [1] , where images associated with caustics, that are intrinsically distorted, are further degraded by the effects of a finite aperture. Connections between caustics and primary aberrations are described in appendix 2 of [6] .
Phase space wave and ray formulations of looking
Referring to figure 1, we envisage a wave ψ 0 (r 0 − R) arriving at points r 0 in the plane of a lens, with the shift R denoting displacement of the lens relative to the incident light. Points r in the focal plane correspond to light from direction Ω or transverse wavevector K, where, for wavenumber k and lens focal length F, r
The lens has aperture L, and its amplitude transmission function, assumed Gaussian as already stated, is
For present purposes, paraxial diffraction theory [9, 10] is adequate, and gives the wave arriving in the focal plane in direction Ω when the lens is displaced by R, relative to the incident light, as
Elementary manipulations give the light intensity in the 'phase space' K, R as
where W 0 is the Wigner function [8] of the incident light, defined by
For calculations of Wigner functions corresponding to diffraction decorating canonical caustics, and unexpected integral relations involving their projections, giving the associated wave intensity (without the aperture effect considered here) see [11] . Two obvious limiting cases can easily be derived. As L → ∞, corresponding to an unobstructed lens, the exponential involving q 0 in (4) becomes a delta-function, and I is the square of the Fourier transform of ψ 0 , evaluated at K. As L → 0, corresponding to a 'lens' of infinitesimal aperture ('Gaussian pinhole camera'), the exponential involving r 0 in (4) becomes a delta-function, and the focal plane is illuminated by a broad Gaussian, with width 1/(k L) and intensity |ψ 0 (−R)| 2 . According to (4) and (5), the lens acts to produce an image by Gaussian smoothing of the incident Wigner function, with the difference that the variables R and K refer to different planes, so (4) involves +R rather than −R. Therefore the image intensity is the Husimi function [8] of the incident light, with variables −R, K. Although in what follows all of the incident waves ψ 0 will represent coherent light, the result (4) also applies to incoherent light. (For a different optical application of the Husimi function, see [12] .)
In the geometrical-optics limit k → ∞, the Wigner function can be replaced by the geometrical ray density in the phase space r 0 , Ω 0 :
For coherent light, W 0geom is a delta-function selecting the ray(s) incident on the lens in the direction Ω 0 at the position r 0 . In (4), the exponent involving q 0 is large (as in the large-L limit mentioned above), and the corresponding exponential acts like a delta-function, so q 0 can be replaced by K, leading to the simple expression
For one-dimensional incident light, in which ψ 0 depends on a single coordinate, for example x − X, the above formulae can be simplified by writing all integrals as single rather than double, and replacing all prefactors by their square roots.
We note also that the results (3)- (5) also give the wave produced in the far field when a Gaussian beam illuminates an object with complex transmission amplitude ψ 0 (r 0 − R). Canonical caustics seen through an aperture with a sharp edge (rather than an apodized aperture as here) were explored by Nye [13] [14] [15] , who described in detail the transitions from diffraction catastrophes to the Airy rings as L decreases from large to small values. In some respects, the work reported here is complementary to his.
Two coalescing images as caustic crosses lens
Consider a caustic intersecting the lens plane perpendicularly at x 0 = X, as illustrated in figure 2 (generalization to non-perpendicular intersection is easy but adds inessential complication). Points x 0 < X in the lens plane are reached by two rays, while no rays reach points x 0 > X. Each of the two rays reaching x 0 contributes to a different member of the pair of images in the focal plane. The rays forming image 1 have touched a real caustic, while those forming image 2 are associated with a virtual caustic. Since the direction of each ray varies across the lens, the images are broadened as indicated in figure 3 ; this geometrical broadening is greater for larger L. The rays satisfy
and it follows from elementary geometry that A is half the radius of curvature of the caustic in the lens plane.
The incident wave decorating the fold caustic of figure 2 can be written in terms of the Airy function, as
Here X = 0 corresponds to the caustic intersecting the centre of the lens, and the powers of k are chosen in accordance with the diffraction catastrophe exponents [6, 16] , to make ψ 0 of order unity in the geometrical regime x 0 X of two interfering rays, and to make the fringe width near the caustics scale as k −2/3 . Thus the image wave is given by the integral (cf equation (3))
Evaluation is straightforward when the Airy function is written in terms of its integral representation. The result is conveniently expressed in terms of the following dimensionless angle and wavenumber variables, each also involving the lens aperture L:
and leads to
where
The corresponding geometrical-optics images can be found either from the asymptotics of the Airy function for large positive argument [17] , or from (7), with the classical phasespace density (cf (8))
Either way leads to Figure 5 illustrates the emergence of the geometrical limit in more detail, by concentrating on the images for a particular value of ξ .
In the opposite limit of small κ (poorly resolved images), it is clear from figures 4(a) and (b) that the images have merged (rather than emerged) and are replaced by the oscillations of the Airy function for positive ξ , resulting from interference between the two rays.
This is an illustration of the complementarity between wave interference and the separation of geometrical images, familiar in quantum mechanics as the uncertainty principle.
The zeros of the Husimi function (13) , so important in other contexts [8] , are here just the zeros of the Airy function. They are located at γ = 0, ξ n ; as κ increases, all ξ n recede towards +∞, into the Gaussian tail of the intensity.
As a numerical example, consider looking at a pair of coalescing images of the sun (regarded as a point) reflected in wavy water with profile H sin(2π x/ ). By expanding about one of the inflection points, it is easy to calculate the curvature of the caustic at height Z (the lens plane, where the eye is situated) and hence the parameter A in (8) and (9):
Then, for visible light, and eye pupil size L ≈ 2 mm, water wavelength = 1 m and wave height H = 0.1 m, viewed from Z = 10 m, the dimensionless wavenumber (11) is κ ≈ 10, which is comfortably in the geometrical regime; for the smaller wave = 0.1 m, H = 0.03 m, κ ≈ 0.3, which is in the interference regime.
Spectral distortion near caustic
Since diffraction is essentially wavelength-dependent, the spectrum of images of a polychromatic source will be distorted as the caustic crosses the lens. This is in addition to any geometrical distortion, ignored here, caused by propagation in a dispersive medium.
Since gravitational lensing is geometrically achromatic [5] , the diffractive spectral distortion discussed in this section might be a way to detect associated wave effects (see also [18] [19] [20] ).
A function quantifying spectral distortion, which could be useful even when the separate images cannot be resolved, is the integrated intensity across the image, namely (18) , and the thin curve close to (d) is the k → ∞ limit S geom (ξ ) (equation (17)).
The geometrical-optics limit is
and the opposite limit is Figure 6 shows how the integrated intensity changes as the caustic crosses the lens, for different values of κ. Figure 7 shows the relative spectral distortion S(ξ, κ)/S geom (ξ ). The distortion is much greater for negative ξ , that is on the dark side of the caustic, where the wave is evanescent, so the longer wavelengths penetrate more. Simply stated, images are reddened on the dark sides of caustics. (Rainbows-the most familiar caustics-are reddened on their dark sides too [21] , but unless the raindrops are very small this effect is the result of dispersion rather than diffraction.)
Poorly resolved far-field fold caustic
Caustics in the far field can be generated by a wave ψ 0 , in the lens plane, that corresponds to a pure phase variation, i.e. constant amplitude; the far-field caustics are the images of the contours of zero Gaussian curvature of the phase [22] . An everyday example is virtual caustics seen on rainy nights by people wearing spectacles, when the illumination is that of a distant lamp and the phase variation is produced by irregularly shaped raindrop 'lenses' on the glass lenses [7, 22] . Visibility of these caustics is limited by the finite size of the water-drops or the pupil of the eye (as well as the finite size of the source which we do not consider here). By the duality described in the last paragraph of section 2, similar images (now real rather than virtual) can be produced on a distant screen when a Gaussian laser beam illuminates water-drops on a glass plate, or smoothly undulating bathroom-window glass [6] .
For simplicity, we henceforth drop the X dependence, and consider only X = 0, that is, caustics centrally situated relative to the lens. The simplest case is a fold caustic in the far field, for which a local model is
The corresponding rays in the lens plane are
so the length A describes the quadratic spread of ray directions near the point x 0 that generates the caustic. Equation (20) resembles the expression (8) describing a caustic in the lens plane; but the similarity is superficial, because with (20) only one ray direction corresponds to each position, rather than two or zero as with (8) . Convenient dimensionless direction and wavevector variables are (cf (11) 
The one-dimensional integral corresponding to (3) is easily evaluated, with the result that the poorly resolved fold intensity is
(23) In the large L limit, γ → 0 and κ → ∞, but κ 2/3 γ is independent of L, so J is simply the perfectly resolved Airy intensity.
The geometrical limit κ 1 can be obtained from the asymptotics of the Airy function for large negative argument, followed by an average over the fast interference oscillations. This gives
in which denotes the unit step. An alternative derivation is via (7) and the phase-space density (cf (20) ) The small-L limit, obtained from the asymptotics of the Airy function for large positive argument, is
(26) Figure 8 shows the intensity as a function of γ and κ, illustrating the transition between the geometrical and small-L limits. As κ decreases, the Airy zeros recede towards positive γ , and are eventually lost in the tail of the Gaussian (26). Figure 9 illustrates the extreme cases. A numerical example will be given in section 7.
Poorly resolved far-field cusp caustic
The wave
in the lens plane, generates a cusp in the far field. With angles defined by Ω ≡ {θ, φ},
the caustic is easily shown to be
The constants A and B are lengths related to the caustic geometry. Convenient dimensionless parameters are
In terms of these, the cusp is
Inserting the lens-plane wave (27) into the formulae of section 2 gives, after some algebra, the poorly resolved cusp (24)), (b) small κ approximation (26). In (a) the geometrical limit emerges only after averaging over the fast interference oscillations.
in terms of the Pearcey function [7, 23, 24] , defined by
where the second form is convenient for numerical evaluation because the deformation of the path makes the integrand decay as exp(−|t| 4 ). The Pearcey variables are
leading to the intensity
(35) In the large L limit, γ → 0, δ → 0, σ → 0 and κ → ∞, but κ 1/2 γ and κ 3/4 δσ are independent of L, so J is simply the perfectly resolved Pearcey intensity.
The Gaussian limit for small L comes from the asymptotic evaluation of P for large v and small u, and is dominated by the saddle-point near t = 0. This leads to Figure 10 illustrates how the Pearcey diffraction catastrophe transforms into the Gaussian spot as L decreases, that is as σ increases and κ decreases. As the main diffraction maximum becomes Gaussian, the zeros within the cusp annihilate in pairs and the zeros flanking the cusp recede towards infinity, as noted and explored in detail by Nye [14] for a sharpedged cylindrical lens; in the two-dimensional case considered here, the details are different: the annihilation is between diagonally, rather than horizontally (constant v) adjacent zeros, and the zeros move directly towards their annihilation, rather than initially spiralling away from their Pearcey locations as in [14] . Figure 11 shows more detail of the 'Gaussianization', as κ decreases and σ increases, in the form of sections through the image for δ = 0 (note that parameters are different from those in figure 10 ).
Numerical illustration for fold and cusp
Consider looking at the four-cusped astroid caustic (figure 12(a)) produced by a water-drop lens with a sharp-cornered boundary with square symmetry ( figure 12(b) ) [22] , held close to the eye; this is a model for looking at a distant light through raindrops on spectacle lenses, or at the far-field caustic generated by shining a Gaussian beam through the drop. The profile of the droplet, satisfying the equation for equilibrium under surface tension, can be written using dimensionless coordinates as (cf equation (18) of [22] for n = 4)
h(x, y) = constant − (38) One of the four cusps is generated from x = y = 1/ √ 6, and an intersection with the fold is generated from x = 1/ √ 3, y = 0. The four-cornered boundary of the drop is the contour h(x, y) = −1/4. (The circle of zero Gaussian curvature lies within this boundary; if instead we had chosen the cubic function h(x, y), generating a three-cusped astroid [23] , the circle would touch the boundary, giving rise to an unwanted aperture effect irrelevant to the one considered here.)
Reverting to physical coordinates, and choosing a droplet with maximum thickness H and diameter (distance between opposite corners) D, then local expansion about x = y = 1/ √ 6, and rotation of coordinates, generates the model cusp (27), with constants A and B, and hence dimensionless parameters κ and σ from (30). A measure of resolution is, from (33), σ 2 /κ; this is small for good resolution and large for poor resolution. These quantities are
For the fold, local expansion about x = 1/ √ 3, y = 0 generates the model (19) , enabling identification of the constant A, and dimensionless parameter κ from (21), as
For red light, and a typical drop with clearly-visible caustics, we can take D = 2 mm and H = 0.1 mm; then, with L = 2 mm, we find κ ≈ 2000, σ ≈ 0.32 and σ 2 / √ κ ≈ 0.002 for the cusp, and κ ≈ 19 500 for the fold. So these caustics are effectively perfectly resolved. For poor resolution, we can reduce the aperture (e.g. Gaussian beam width) to L = 50 μm; then κ ≈ 1.24, σ ≈ 2 and σ 2 / √ κ ≈ 3.7 for the cusp, and κ ≈ 0.3 for the fold.
